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Abstract
BMPV black holes in flat transverse space and in Taub-NUT space have identical near
horizon geometries but different microscopic degeneracies. It has been proposed that this
difference can be accounted for by different contribution to the degeneracies of these black
holes from hair modes, – degrees of freedom living outside the horizon. In this paper we
explicitly construct the hair modes of these two black holes as finite bosonic and fermionic
deformations of the black hole solution satisfying the full non-linear equations of motion of
supergravity and preserving the supersymmetry of the original solutions. Special care is taken
to ensure that these solutions do not have any curvature singularity at the future horizon when
viewed as the full ten dimensional geometry. We show that after removing the contribution due
to the hair degrees of freedom from the microscopic partition function, the partition functions
of the two black holes agree.
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1 Introduction
String theory has been successful in providing an explanation of the entropy of supersymmet-
ric extremal black holes in terms of microscopic degrees of freedom. Initial studies focussed
on black holes carrying large charges for which the classical two derivative action, and the
associated formula for the entropy due to Bekenstein and Hawking, is sufficient to compute
the entropy. This assumption can be relaxed to some extent using Wald’s formula for black
hole entropy[1, 2, 3, 4] that takes into account higher derivative corrections to the classical
action. However a complete expression for the entropy of a black hole receives contribution
from higher derivative corrections as well as quantum corrections. On general grounds one
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would expect that the generalization of Wald’s formula to the full quantum theory will involve
some computation in string theory on the near horizon geometry of the black hole and will not
be sensitive to the nature of the solution away from the horizon[5]. Indeed Wald’s classical
formula for the entropy certainly satisfies this criterion.
This simple assumption has a non-trivial consequence: two different black holes with iden-
tical near horizon geometries have the same macroscopic entropy. The equality of the macro-
scopic and the microscopic entropy would then imply that they must have the same microscopic
entropy. There is however a counterexample: a rotating black hole in type IIB string theory
compactified on K3× S1, known as the BMPV black hole[6], placed in a flat transverse space
and in Taub-NUT space[7] have identical near horizon geometries[8] but different microscopic
degeneracies[9, 10, 11, 12, 13, 14, 15]!
The following resolution to this puzzle was proposed in [16]. Whereas an appropriate
computation in string theory in the near horizon geometry of the black hole would give the
macroscopic entropy associated with the horizon, the full macroscopic entropy also involves
contribution from the hair degrees of freedom – degrees of freedom living outside the horizon.
For a supersymmetric black hole the latter can be computed by identifying classical supersym-
metry preserving normalizable deformations1 of the black hole solution with support outside
the horizon, and then carrying out geometric quantization on the space of these solutions.
Ref.[16] identified a class of such deformations both for the BMPV black hole in flat transverse
space and BMPV black hole in Taub-NUT space and found that after removing the contribu-
tion from these hair degrees of freedom from the microscopic degeneracy formulæ, one obtains
identical result for the two black holes. This can then be identified as the common contribution
to the degeneracy coming from the horizon.
The purpose of this paper is to fill some of the gaps in the analysis of [16]. These are of
three types:
1. Ref.[16] identified the bosonic deformations of the black hole solution by working with
the linearized equations of motion. We extend them to the solutions to full non-linear
equations of motion.
2. Ref.[16] gave a general argument for the existence of a certain set of fermionic defor-
mations but did not construct them explicitly. We construct these fermionic modes by
1The deformations we shall consider will always be along a null vector or tensor and hence the norm will
vanish identically. We shall call a deformation normalizable if it vanishes at infinity and produces a configuration
with finite ADM mass / charge.
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solving the equations of motion of the fermions around the BMPV black hole background.
3. Ref.[16] did not study supersymmetry properties of the deformations explicitly. We
demonstrate that the deformations preserve the same number of supersymmetries as the
original BMPV black hole background.
During this investigation we also found an unexpected result: one set of deformations for
each black hole have mild curvature singularities in the future horizon when viewed as ten
dimensional geometries[17, 18]. This forces us to remove these modes from the counting of the
hair degrees of freedom. Fortunately however they give identical contribution to the partition
function for both black holes and hence even after removing their contribution from the hair
partition function, we continue to get agreement between the partition functions of the two
black holes after hair removal.
In order to guide the reader through the rest of the paper we shall now briefly list the hair
modes of both types of black holes which we shall construct. Since the solution is independent
of the coordinate along S1 it is often useful to regard this as a string like object extended
along S1. In this case a left-moving mode will represent a set of deformations labelled by an
arbitrary function of the light-cone coordinate that describes propagation of a plane wave along
the negative S1 direction. We begin with BMPV black hole in flat transverse space. In this
case the hair modes are expected to consist of (i) four left-moving bosonic modes describing the
transverse oscillations of the black string and (ii) four left-moving fermionic modes describing
propagation of the goldstino modes associated with some broken supersymmetries. On the
other hand BMPV black hole in transverse Taub-NUT space is expected to carry (i) three
left-moving bosonic modes describing the oscillation of the black string in three transverse
directions,2 (ii) 21 left-moving bosonic modes arising from certain oscillation modes of the
2-form fields, (iii) four left-moving fermionic modes describing propagation of the goldstino
modes associated with some broken supersymmetries, and (iv) four more left-moving bosonic
modes describing the transverse oscillation of the BMPV black string relative to the Taub-
NUT space. We explicitly construct each of these modes in our analysis.3 §2 is devoted to the
construction of the hair modes of BMPV black hole in flat transverse space, §3 contains the
2Asymptotically Taub-NUT has the form of S˜1 × R3; thus there are three transverse directions.
3In this context we would like to mention that since most of our argument towards the absence (or triviality)
of higher order corrections to the solution is due to our inability to contract indices, and do not need to make
explicit use of the form of the action, we expect these deformations to survive even after inclusion of higher
derivative corrections.
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construction of the hair modes of BMPV black hole in Taub-NUT space and §4 contains a proof
that the modes constructed in §2 and §3 preserve all the supersymmetries of the undeformed
background. However we show in appendix C following [17, 18, 19, 20] that the four bosonic
modes describing the transverse oscillations of the black string in flat transverse space and
the four bosonic modes describing the transverse oscillations of the black string relative to the
Taub-NUT space have mild curvature singularity at the future even horizon, Thus they should
not be counted as hair degrees of freedom. In §5 we compute the partition function associated
with the horizons of the two black holes by dividing the microscopic partition function by the
partition function associated with the hair and show that the results match.
Finally we note that besides the hair modes described above, both black holes carry twelve
fermionic zero modes associated with the broken supersymmetry generators. The construction
of these zero modes is straightforward[21]; we take a local supersymmetry transformation whose
parameter approaches a constant spinor other than the Killing spinor at infinity and vanishes
at the horizon, and apply it to the original black hole solution to generate a fermionic zero
mode. Since there are 12 independent supersymmetry transformations whose parameters do
not approach a Killing spinor at infinity, this generates 12 fermion zero modes. We shall not
discuss the construction of these zero modes any further, but count them in computing the
partition function of the hair modes in §5.
2 BMPV Black Hole Hair
In this section we shall analyze the deformations of the BMPV black hole representing its hair
modes, ı.e. deformations which live outside the horizon and do not change the near horizon
geometry. The theory that we shall study is type IIB supergravity compactified on K3[22,
23, 24]. The effective six dimensional theory of massless fields that one gets has many fields
but we shall list only those which will play a role in our analysis. We denote by Φ the ten
dimensional dilaton, by GMN (0 ≤M,N ≤ 5) the string metric in six dimensions, by C(2) the
RR 2-form field and by F (3) = dC(2) the associated field strength. The theory also has several
other 2-form fields. One of them comes from the NSNS sector and has no constraint on its
field strength, but there are 22 others obtained by dimensional reduction of the RR 4-form on
2-cycles of K3, of which 19 have anti-self-dual field strength and 3 have self-dual field strength.
Including the RR 2-form field C(2) of the ten dimensional theory, we have altogether 21 2-form
fields with anti-self-dual field strength and 5 2-form fields with self-dual field strength. We
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shall denote the self-dual and the anti-self-dual field strengths by H¯kMNP (1 ≤ k ≤ 5) and
HsMNP (6 ≤ s ≤ 26) respectively, satisfying
H¯kMNP =
1
3!
| det g|−1/2ǫMNPQRS H¯kQRS, HsMNP = −
1
3!
| det g|−1/2ǫMNPQRS HsQRS , (2.1)
where ǫMNPQRS is the totally anti-symmetric symbol. We shall describe our choice of the sign
convention for ǫ shortly. The theory also contains a set of scalar fields besides the dilaton,
coming from the moduli of K3, the RR scalar, as well as the components of the NSNS 2-form
field and the RR 2- and 4-form fields along the two and four cycles of K3. Throughout this
paper we shall set all the scalar fields including the dilaton to fixed values.4 The fermion
fields in this six dimensional theory consist of a set of four left-chiral gravitini Ψαµ (0 ≤ µ ≤ 5,
1 ≤ α ≤ 4) and a set of 4 × 21 right-chiral spin 1/2 fermions χαr (1 ≤ r ≤ 21). The precise
form of the chirality projection rules is given in (2.30), (2.31). Note that we have suppressed
the Dirac indices.
The field strengths H¯kMNP and H
s
MNP will include the self-dual and anti-self-dual parts of
F (3). We shall choose the convention where H¯1 and H6 denote the self-dual and anti-self-dual
components of F (3) up to a normalization. More precisely we choose
F
(3)
MNP = 2 e
−Φ
(
H¯1MNP +H
6
MNP
)
, (2.2)
where Φ is the constant value of the dilaton field. The self-dual-field strengths H¯2, · · · H¯5 will
be set to zero and will play no role throughout our analysis. In the sector where all the scalar
fields are constants and fermions are set to zero, the bosonic equations of motion take the
form:5
RMN = H¯
k
MPQ H¯
kPQ
N +H
s
MPQH
sPQ
N
H¯kMNPH
sMNP = 0 , (2.3)
where RMN is the Ricci tensor defined in the sign convention in which on the sphere the Ricci
scalar GMNRMN is positive.
4When the background scalar fields are not constants, the self-dual and anti-self-dual field strengths are not
closed but can be expressed as linear combinations of closed 3-forms with coefficients given by functions of the
scalar fields[22, 23, 24]. This complication is absent when the scalars are constants in space-time.
5This requires appropriate normalization factors appearing in the definition of the H¯k’s and Hs’s in terms
of the fundamental fields of string theory. Typically these normalization factors will be functions of the various
scalar fields in six dimensions but as long as the scalar fields are frozen to constant values we do not have to
worry about these normalizations.
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We now further compactify the theory on S1 and consider a rotating black hole solution
describing Q5 D5-branes along K3×S1, Q1 D1-branes along S1, −n units of momentum along
S1 and angular momentum J [6]. We denote by x5 the coordinate of the circle S1 with period
2 π R5, by (2π)
4 V the volume of K3 measured in the string metric, and by λ the asymptotic
value of the string coupling. As in [16] we shall set the asymptotic values of the scalar fields to
their attractor values to keep the solution simple. We also denote by t the time coordinate and
by wi (1 ≤ i ≤ 4) the four non-compact spatial coordinates. Finally we denote by (r, θ, φ, x4)
the Gibbons-Hawking coordinates of the four dimensional space labelled by ~w so that we have
w1 = 2
√
r cos
θ
2
cos
x4 + φ
2
, w2 = 2
√
r cos
θ
2
sin
x4 + φ
2
,
w3 = 2
√
r sin
θ
2
cos
x4 − φ
2
, w4 = 2
√
r sin
θ
2
sin
x4 − φ
2
,
(θ, φ, x4) ≡ (2π − θ, φ+ π, x4 + π) ≡ (θ, φ+ 2π, x4 + 2π) ≡ (θ, φ, x4 + 4π) . (2.4)
In this case we have
r =
1
4
wiwi , dwidwi = r (dx4 + cos θdφ)2 +
1
r
(dr2 + r2dθ2 + r2 sin2 θ dφ2) , (2.5)
and the solution takes the form
ds2 ≡ GMNdxMdxN
= ψ−1(r)
[
du dv + (ψ(r)− 1) dv2 + χi(r) dv dwi
]
+ ψ(r)dwidwi
e−2Φ = λ−2 ,
F (3) ≡ 1
6
F
(3)
MNPdx
M ∧ dxN ∧ dxP = r0
λ
(
ǫ3 + ∗6ǫ3 + 1
r0
ψ−1(r)dv ∧ dζ
)
, (2.6)
where GMN is the six dimensional string metric and
u ≡ x5 − t, v ≡ x5 + t,
ψ(r) ≡
(
1 +
r0
r
)
,
χi dw
i ≡ −2 ζ , ζ ≡ − J˜
8r
(dx4 + cos θdφ) ,
ǫ3 ≡ sin θ dx4 ∧ dθ ∧ dφ . (2.7)
Here ∗6 denotes Hodge dual in the six dimensions spanned by t, x5, x4, r, θ and φ with the
convention ǫt54rθφ = 1. The constants r0 and J˜ are given in terms of the charges and the
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asymptotic values of the moduli fields as follows:
r0 =
λ(Q1 −Q5)
4V
=
λQ5
4
=
λ2|n|
4R25V
, J˜ =
J λ2
2R5 V
. (2.8)
Eq.(2.8) gives specific relations between V , λ and R5 reflecting the fact we have chosen them
to coincide with the attractor values instead of keeping them general. For later use we note
that the background metric and the three form field strengths can be expressed as
ds2 = −(e0)2 + (e1)2 + (e2)2 + (e3)2 + (e4)2 + (e5)2 ,
F (3) =
r0
λ r2
[
ψ−3/2(r) r1/2 (e2 ∧ e4 ∧ e5 + e0 ∧ e1 ∧ e3)
+
J˜
8 r0
ψ−2(r) (−e0 ∧ e2 ∧ e3 + e0 ∧ e4 ∧ e5 − e1 ∧ e2 ∧ e3 + e1 ∧ e4 ∧ e5)
]
,
(2.9)
where
e0 = ψ−1(r) (dt+ ζ),
e1 =
(
dx5 + dt− ψ−1(r)(dt+ ζ)) ,
e2 = ψ1/2(r) r1/2(dx4 + cos θdφ),
e3 = ψ1/2(r) r−1/2 dr ,
e4 = ψ1/2(r) r1/2 dθ ,
e5 = ψ1/2(r) r1/2 sin θ dφ . (2.10)
The one forms eA are related to the vielbeins e AM via the relations
eA = e AM dx
M . (2.11)
Here A labels a tangent space index. From (2.9) it follows that the fields strength F (3) appearing
in (2.6) is self-dual. Thus in the black hole background all the anti-self-dual field strengths
HsMNP ’s vanish.
The near horizon geometry of (2.6) is obtained by introducing new coordinates ρ, τ via:
r = r0 βρ, t = τ/β, (2.12)
and taking the limit β → 0 keeping τ , v, ρ, x4, θ and φ finite. In this limit (2.6) takes the form
ds2 = r0
dρ2
ρ2
+ dv2 + r0(dx
4 + cos θdφ)2 +
J˜
4r0
dv(dx4 + cos θdφ)− 2ρ dvdτ
8
+r0
(
dθ2 + sin2 θdφ2
)
,
eΦ = λ ,
F (3) =
r0
λ
[
ǫ3 + ∗ǫ3 + J˜
8 r20
dv ∧
(
1
ρ
dρ ∧ (d x4 + cos θ dφ) + sin θ dθ ∧ dφ
)]
. (2.13)
We shall now analyze various bosonic and fermionic deformations of this solution which live
outside the horizon. This in particular will require that when expressed in terms of the new
coordinate system (2.12) the deformations should vanish as β → 0. Geometric quantization of
these deformations are supposed to generate the degeneracies associated with the hair modes.
The bosonic deformations representing transverse oscillation of the black hole were constructed
in [16] at the linearized level. Here however we shall go beyond the linearized approximation
and construct the fully backreacted solution.
2.1 Bosonic deformations representing transverse oscillation of the
BMPV black hole
In this section we shall follow [25, 26, 27, 28, 29] to construct deformations describing left-
moving transverse oscillations of the black hole. Even though these deformations will turn
out to be singular at the future horizon[17, 18] and hence will not be counted among the
hair degrees of freedom, we shall go through it carefully as similar deformations of the four
dimensional solution will turn out to be non-singular and hence will correspond to hair degrees
of freedom.
Given a space-time with metric GMN satisfying the supergravity equations and a null,
killing and hypersurface orthogonal vector field kM , i.e., satisfying the following properties
kMkM = 0, kM ;N + kN ;M = 0, kM ;N =
1
2
(kMA,N − kNA,M) (2.14)
for some scalar function A, one can construct a new exact solution of the equations of motion
by defining[25]
G′MN = GMN + e
−ATkMkN (2.15)
where the function T satisfies
∇2T = 0 , kM∂MT = 0 . (2.16)
The new metric G′MN describes a gravitational wave on the background of the original metric
provided the matter fields, if any, satisfy some conditions. We take ( ∂
∂u
) as our null killing
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vector. SinceGuu = 0, it is obviously null and since the metric coefficients do not depend on u, it
is also killing. For our case, only non-zero component of killing one-form is kv = Guv = ψ
−1 and
the hypersurface-orthogonality condition (the last equation in (2.14)) is satisfied by choosing
e−A = ψ. Applying the transform we get[26, 27, 28]
ds2 = ψ−1(r)
{
dudv + (ψ − 1 + T (v, ~w))dv2 + χi(r)dvdwi
}
+ ψ(r)dwidwi (2.17)
where T (v, ~w) satisfies the flat four dimensional Laplace equation:
∂wi∂wiT (v, ~w) = 0 . (2.18)
It also follows from the analysis of [25] that we do not need to modify the dilaton and the 2-
form fields. A simple way to see this is as follows. For any component of a covariant tensor, we
define the weight of that component as the number of v indices minus the number of u indices
carried by the tensor. For a component of the contravariant tensor we define the weight to be
the number of u indices minus the number of v indices. Then any tensor can be decomposed as
a sum of tensors of fixed weights and in the contraction of covariant and contravariant indices
the weight is preserved. Now by examining the background (2.6) we see that each term in the
solution has weight zero or positive. On the other hand the term proportional to T (v, ~w) in
(2.17) has weight 2. Furthermore the original background as well as the deformation generated
by T (v, ~w) are u independent; hence we cannot reduce the weight by taking u derivative of the
background. Thus the term proportional to T (v, ~w) can only produce terms in the equation of
motion of weight two or more. In other words it can only generate terms for which the number
of covariant v indices is larger then the number of covariant u indices by at least 2. This is
impossible for the dilaton equation of motion which carries no index. The equation of motion
for the 2-form field has two indices, but it is anti-symmetric in these two indices. Thus it is
impossible to have more than one covariant v index. The only equation of motion that can be
affected by the T (v, ~w) dv2 term is the vv component of the metric equation, leading to (2.18).
We can write down the general solution to (2.18) as an expansion in spherical harmonics
on S3, but after requiring regularity at the origin and at infinity and dropping terms which
can be removed by coordinate transformation, we can choose
T (v, ~w) = ~f(v) · ~w ,
∫ 2piR5
0
fi(v)dv = 0 , (2.19)
for some arbitrary set of four functions (f1(v), · · ·f4(v)) subject to the restriction given above.
The corresponding metric
ds2 = ψ−1(r)
[
dudv +
{
ψ − 1 + ~f(v) · ~w
}
dv2 + χi(r)dvdwi
]
+ ψ(r)dwidwi (2.20)
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is apparently not asymptotically flat but can be made so by the following coordinate transfor-
mations6
v = v′
~w = ~w′ + ~F
u = u′ − 2F˙iw′i − 2F˙iFi +
∫ v′
F˙ 2(v′′)dv′′. (2.21)
Here ~f(v) = 2 ~¨F and dot refers to derivative with respect to v. Making this change of coordi-
nates, the terms in metric change as follows
dudv = du′dv′ − 2F˙idw′idv′ − F˙iF˙i dv′2 − 2F¨i (w′i + Fi) dv′2
dv dwi = dv
′ (dw′i + F˙i dv
′)
dwjdwj = dw
′
jdw
′
j + F˙iF˙i dv
′2 + 2F˙i dw
′
i dv
′ . (2.22)
Removing the primes, we write the above metric as
ds2 = H−1dudv +Hdw2j + Ajdwjdv +Kdv
2 (2.23)
where
H = 1 +
4 r0
|~w + ~F (v)|2 , K = 1−H
−1 + (H −H−1)F˙ 2(v) +H−1 χjF˙j(v),
Aj = H
−1χj + 2F˙j(H −H−1) . (2.24)
Since Aj → 0, K → 0 and H → 1 as |~w| → ∞, the metric is asymptotically flat. Note however
that this change of coordinates changes the location of the horizon, and hence it is not apparent
that the deformation lives outside the horizon. To overcome this we shall make the coordinate
transformation that takes the form given in (2.21) for large r but which becomes identity near
the horizon. In this case the coordinates near the horizon are the original coordinates (v, u, ~w)
and the metric takes the form given in (2.20). Since in the new coordinate system (2.12)
ψ−1(r)~f(v) · ~w ∼ β3/2, the deformation vanishes as β → 0. Thus the deformations generated
by T does not affect the near horizon geometry of the black hole, and represent candidates for
hair degrees of freedom.
6Note that in order that the deformations preserve the asymptotic geometry, the shifted coordinates (u′, v′)
should be identified with (x5 ∓ t). Thus for example the identification under x5 → x5 + 2πR5 will act as
(u′, v′)→ (u′ + 2πR5, v′ + 2πR5).
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To linear order in ~f(v) the solution given in (2.20) can be shown to be related by a coordinate
transformation to the deformation described in [16] representing transverse motion of the
BMPV black hole. Thus the solution (2.20) represents, physically, finite amplitude oscillations
of the BMPV black hole in the transverse direction after taking into account the backreaction
of the gravitational and other fields.
Since the deformation parameters ~f(v) transform as a vector under the SO(4) rotation in
the transverse space, we expect the deformations to carry angular momentum. This is visible
explicitly in the additional term proportional to F˙j appearing in the expression for Aj . Since
this modifies the coefficient of the dwjdv term in the asymptotic metric given in (2.23), the
deformed configuration carries additional angular momentum besides the one associated with
the undeformed solution.
We shall however see in appendix C that even though these modes apparently vanish at the
horizon, they in fact have curvature singularities at the future horizon. Thus they should be
excluded from the counting of the hair modes.
2.2 Fermionic deformations associated with the broken supersym-
metry generators of the BMPV black hole
Since the black hole solution breaks twelve of the sixteen space-time supersymmetries, we
expect to have twelve fermionic zero modes living on the black hole, forming part of the black
hole hair. It was argued in [16] that four of these lift to full left-moving fields on the two
dimensional world volume of the black hole spanned by t and x5. In that case we should be
able to construct solutions to the equations of motion of the fermion fields labelled by four
independent functions of v. We shall now explicitly construct these solutions in the undeformed
background (2.6) and then argue that the solutions remain unaffected by the deformation
described in (2.17). We shall follow the notation of [24].
The linearized equation of motion of ΨαM and χ
αr in the background where all the scalars
are constants and χαr are set to zero are
ΓMNPDNΨ
α
P − H¯kMNPΓN Γ̂kαβΨβP = 0,
HsMNP ΓMNΨ
α
P = 0 , (2.25)
where
DMΨ
α
P = ∂MΨ
α
P − ΓNMPΨαN +
1
4
ωABM Γ˜
AB ΨαP , (2.26)
12
ΓMNP ≡
1
2
GMR (∂NGPR + ∂PGNR − ∂RGNP ), ωABM ≡ −GNP e BN ∂Me AP + e AN e BP GPQΓNQM .
(2.27)
Since in our background F (3) is self-dual, we have HsMNP = 0 and hence the second set of
equations in (2.25) is automatically satisfied. The first set of equations involves only the self-
dual part of the 3-form denoted by H¯kMNP for 1 ≤ k ≤ 5. In (2.25) ΓM ’s (0 ≤ M ≤ 5) denote
8× 8 SO(5, 1) gamma matrices written in the coordinate basis and Γ̂i denote the 4× 4 SO(5)
gamma matrices, satisfying
{ΓM ,ΓN} = 2GMN , {Γ̂k, Γ̂l} = 2 δkl , (2.28)
and ΓM1···Mk is the totally anti-symmetric product of ΓM1, · · ·ΓMk . It will also be useful to
introduce the gamma matrices Γ˜A carrying SO(5,1) tangent space indices:
Γ˜A = e AM Γ
M , {Γ˜A, Γ˜B} = 2 ηAB . (2.29)
In this convention the fields ΨαM and χ
αr satisfiy chirality projection conditions(
1
6!
| det g|−1/2 ǫMNPQRSΓMNPQRS + 1
)
ΨαM = 0 → (Γ˜012345 + 1)ΨαM = 0 , (2.30)(
1
6!
| det g|−1/2 ǫMNPQRSΓMNPQRS − 1
)
χαr = 0 . (2.31)
Note that the tangent space indices are raised and lowered by the flat metric ηAB. It follows
from (2.10) that
Γ˜0 + Γ˜1 = Γv . (2.32)
To solve (2.25), we make the following ansatz for the gravitino fields:
ΨαM = 0 for M 6= v , (2.33)
and furthermore that Ψαv is u-independent. We also impose a gauge condition on Ψ
α
M
ΓMΨαM = 0 → ΓvΨαv = 0. (2.34)
Using (2.32) this may be expressed as
(Γ˜0 + Γ˜1)Ψαv = 0 → Γ˜0 Γ˜1Ψαv = Ψαv . (2.35)
Since the only non-vanishing component of the gravitino is Ψαv , we see that in the convention
described below (2.18) the fermionic deformation has weight 1. Note that we do not assign
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any weight to the SO(5,1) or SO(5) spinor indices. Consider now a term in the equation of
motion that is linear in the gravitino field. Since the fields in the original background are all
of weight ≥ 0, multiplying the gravitino by these fields cannot reduce the weight. Furthermore
since Ψαv as well as all other background fields is u independent, we cannot reduce the weight
by acting with a u derivative on the gravitino. Finally we also cannot reduce the weight by
acting with a Γv on the gravitino due to eq.(2.34).7 Thus we conclude that any term in the
equation of motion that involves at least one power of the gravitino must be of weight ≥ 1.
This in turn shows that the only non-trivial component of the equation of motion (2.25) is the
one associated with the choice M = u. For this choice (2.25) takes the form:
Γuiv
(
∂i +
1
4
ωABi Γ˜
AB
)
Ψαv − H¯kuivΓi Γ̂kαβΨβv = 0 . (2.36)
The above analysis also tells us that in computing the right hand side of (2.36) we only need to
keep terms in the background fields of weight zero. Thus we can ignore the terms proportional
to dv2 and dvdwi in the metric and the term proportional to J˜ in F (3). This allows us to choose
the vielbeins to be of the form:
e0 =
1
2
(dv − ψ−1du), e1 = 1
2
(dv + ψ−1du),
e2 = ψ1/2r1/2(dx4 + cos θdφ), e3 = ψ1/2r−1/2dr,
e4 = ψ1/2r1/2dθ, e5 = ψ1/2r1/2 sin θ dφ . (2.37)
The associated non-vanishing components of the spin connection are given by
ω01r = −
1
2
ψ′
ψ
, ω23x4 =
1
2
(rψ)′
ψ
, ω45x4 =
1
2
, ω23φ =
1
2
(rψ)′
ψ
cos θ, ω24φ = −
1
2
sin θ,
ω35φ = −
1
2
(rψ)′
ψ
sin θ, ω45φ = −
1
2
cos θ , ω25θ =
1
2
, ω34θ = −
1
2
(rψ)′
ψ
. (2.38)
The same argument implies that terms quadratic and higher powers in the gravitino fields,
being of weight two or more, cannot affect the gravitino field equations. The only equation it
could possibly affect is the vv component of the metric equation, but the projection condition
(2.35) rules this out since it makes it impossible to construct gravitino bilinears without any
spinor index unless one uses insertion of a Γu that increases the weight further. Thus a solution
to (2.36) will give an exact solution to the equations of motion.
7If there are a set of other gamma matrices between the Γv and the gravitino, we can still bring Γv next to
the gravitino using eq.(2.28), and none of the extra terms generated in this process can reduce the weight.
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Eq.(2.36) can be manipulated as follows. First of all the Γuiv factor may be expressed as
a sum of six terms with each term containing a different arrangement of Γu, Γi and Γv. The
terms where Γv is to the extreme right vanish due to (2.34). In the other terms we can bring
Γv to the extreme right using (2.28) and then use (2.34) again. This allows us to reduce the
Γuiv factor to a single gamma matrix and leads to the equation:
ΓiGuv
(
∂i +
1
4
ωABi Γ˜
AB
)
Ψαv − ΓiGuvGvu H¯kviu Γ̂kαβΨβv = 0 . (2.39)
Now dropping an overall Guv factor, using (2.2) and the fact that F (3) is self-dual, we get
Γi
(
∂i +
1
4
ωABi Γ˜
AB
)
Ψαv +
λ
2
Gvu F
(3)
ivu Γ
iΓ̂1αβΨ
β
v = 0 . (2.40)
These equations are written in a covariant form in the transverse coordinates. Thus the sum
over i can be taken either over the coordinates (w1, · · ·w4) or over the coordinates (r, x4, θ, φ).
We shall use the (r, x4, θ, φ) coordinates. Using eqs.(2.30), (2.35) we arrive at the following
equation:
ψ−1/2r1/2Γ˜3
(
∂r +
ψ′
ψ
+
1
r
− 1
2
ψ′
ψ
Γ̂1
)
Ψv + (rψ)
−1/2(sin θ)−1Γ˜5∂φΨv
+(rψ)−1/2(Γ˜2 − cot θ Γ˜5) ∂x4Ψv + (rψ)−1/2Γ˜4
(
∂θ +
1
2
cot θ
)
Ψv = 0 . (2.41)
In looking for solutions to these equations we use the fact that the gravitino deformation
we are looking for carries no x4 momentum and carries ±1/2 units of φ momentum[16]. Thus
we can require
∂x4Ψv = 0, ∂φΨv = imΨv, m = ±1
2
. (2.42)
Substituting this into (2.41) we get
ψ−1/2r1/2Γ˜3
(
∂r +
ψ′
ψ
+
1
r
− 1
2
ψ′
ψ
Γ̂1
)
Ψv
+im (rψ)−1/2(sin θ)−1Γ˜5Ψv + (rψ)
−1/2Γ˜4
(
∂θ +
1
2
cot θ
)
Ψv = 0 . (2.43)
We shall now rewrite this equation as
ψ−1/2r1/2Γ˜3
(
∂r +
ψ′
ψ
− 1
2
ψ′
ψ
Γ̂1
)
Ψv
+(rψ)−1/2Γ˜4
[
im (sin θ)−1Γ˜4Γ˜5 + Γ˜4Γ˜3 +
(
∂θ +
1
2
cot θ
)]
Ψv = 0 . (2.44)
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We shall now find solutions to this equation by separately setting to zero the terms in the two
lines. For this we use the following representation8 of Γ˜3, Γ˜4 and Γ˜5:
Γ˜4 = σ1, Γ˜5 = σ2, Γ˜3 = σ3 . (2.45)
Setting the second line of (2.44) to zero then gives[
∂θ +
1
2
cot θ −m (sin θ)−1 σ3 − iσ2
]
Ψv = 0 . (2.46)
This has the following non-singular solutions:
Ψv ∝ eiφ/2
(
cos(θ/2)
− sin(θ/2)
)
for m =
1
2
,
Ψv ∝ e−iφ/2
(
sin(θ/2)
cos(θ/2)
)
for m = −1
2
, (2.47)
where the ‘constants’ of proportionality could involve arbitrary functions of r and v. Note that
we have included in (2.47) the φ dependence of Ψv. On the other hand the equation obtained
by setting to zero the first line of (2.44) gives[
∂r +
ψ′
ψ
− 1
2
ψ′
ψ
Γ̂1
]
Ψv = 0 . (2.48)
Now since (Γ̂1)2 = 1, Γ̂1 has eigenvalues ±1. Thus we can try to solve this equation separately
in the sector with Γ̂1 eigenvalue 1 and Γ̂1 eigenvalue −1. The solutions are
Ψv = ψ
−3/2 η(v, θ, φ) for Γ̂1 η = −η ,
Ψv = ψ
−1/2 η(v, θ, φ) for Γ̂1η = η , (2.49)
where η(v, θ, φ) is an SO(5,1) spinor and also an SO(5) spinor. The (θ, φ) dependence of
η(v, θ, φ) was computed in (2.47) and the v dependence is arbitrary except for the periodicity
requirement imposed by the period of the coordinate x5. Both these solutions vanish as we
approach the horizon although the first solution vanishes more rapidly. Thus at this stage
both would appear to be acceptable solutions. However we shall see in §4 that only the first
solution preserves supersymmetry and hence only these deformations will contribute to the
8If we want to append Γ˜2 to this list we can take the direct product of the matrices given in (2.45) with σ3
and represent Γ˜2 as I2×σ1. This construction can be easily extended to include Γ˜0 and Γ˜1 as well but will not
affect the analysis following (2.45).
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index. Furthermore we shall see in appendix C that the second solution is singular at the
future horizon and hence should not be counted as a true hair degree of freedom. Thus Ψv
satisfies
Γ̂1Ψv = −Ψv , (2.50)
and the deformations associated with the gravitino field take the form:
Ψv = ψ
−3/2(r) η(v, θ, φ), (Γ˜0 + Γ˜1) η(v, θ, φ) = 0 , Γ̂1η(v, θ, φ) = −η(v, θ, φ) . (2.51)
Note that since ψ → 1 as r →∞, the solution is r independent at infinity and hence is not
normalizable. This however can be rectified by making a local supersymmetry transformation
with a parameter that approaches − ∫ v dv′η(v′, θ, φ) as r →∞ and which vanishes sufficiently
fast as we approach the horizon. This sets the r independent part of the gravitino to zero at
infinity but does not affect the mode near the horizon.
Let us now count the number of independent functions characterizing this deformation. To
begin with Ψv is an 8× 4 = 32 dimensional complex spinor. But since Ψv is a chiral spinor of
SO(5, 1) only 16 of the 32 components are independent. The two additional conditions listed in
(2.35), (2.50) cut down the number of independent complex components to 4. Finally we need
to recall that the gravitino field satisfies a symplectic Majorana condition[22, 23, 24]. This
gives altogether four independent real functions of v labelling the deformation, as expected.
It follows from (2.47) that half of these deformations carry 1/2 unit of φ momentum and the
other half carries −1/2 unit of φ momentum.
Finally note that if we switch on the deformation (2.17) then the extra terms containing
at least one power of T (v, ~w) and one power of Ψv will be of weight 3 and higher since the
deformation associated with T (v, ~w) is of weight 2. However the gravitino equation (2.25) does
not have any weight 3 component. Thus we conclude that the extra terms proportional to
(2.17) cannot affect the solution for the gravitino.
3 Four Dimensional Black Hole Hair
We shall now consider the case of four dimensional black hole obtained by placing the five
dimensional black hole at the center of the Taub-NUT space. For this we introduce the Taub-
NUT metric
ds2TN =
(
4
R24
+
1
r
)−1
(dx4 + cos θdφ)2 +
(
4
R24
+
1
r
)
(dr2 + r2dθ2 + r2 sin2 θ dφ2) , (3.1)
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and replace the metric dwidwi in (2.6) by this Taub-NUT metric. The full solution is given
by9
ds2 = ψ−1(r)
[
du dv + (ψ(r)− 1) dv2 − 2ζ˜ dv
]
+ ψ(r) ds2TN ,
e−2Φ = λ−2 ,
F (3) ≡ 1
6
F
(3)
MNPdx
M ∧ dxN ∧ dxP
=
r0
λ
[
(ǫ3 + ∗6ǫ3) + 1
r0
(
1 +
r0
r
)−1
(dx5 + dt) ∧ dζ˜
]
,
ψ(r) ≡
(
1 +
r0
r
)
,
ζ˜ ≡ − J˜
8
(
1
r
+
4
R24
)
(dx4 + cos θdφ) ,
ǫ3 ≡ sin θ dx4 ∧ dθ ∧ dφ , u ≡ x5 − t, v ≡ x5 + t . (3.2)
It will be convenient to also introduce the coordinates
y1 = r sin θ cos φ, y2 = r sin θ sin φ, y3 = r cos θ . (3.3)
For r >> R4 the asymptotic space-time locally has the form of K3× S1 × S˜1× R 3,1, with x4
labelling the coordinate along the circle S˜1 and (y1, y2, y3) labelling the space-like directions
of R 3,1. S˜1 is non-trivially fibered over the boundary S2 of R 3 reflecting that the space is
actually Taub-NUT. Even in this modified background the field strength F (3) is self-dual, and
hence all the anti-self-dual field strengths HsMNP ’s continue to vanish.
10
We can take the near horizon limit of (3.2) using the same coordinates introduced in (2.12)
and taking the β → 0 limit. It is easy to see that in this limit the solution (3.2) reduces to
(2.13). Thus (2.6) and (3.2) have the same near horizon geometry[8, 16]. We also show in
appendix C that these solutions are non-singular at the future horizon.
9For R64 < J˜
2 the projection of this metric in the x4 − x5 plane develops a negative eigenvalue, giving rise
to closed time-like curves. We shall take R64 > J˜
2 to avoid this situation.
10Note that the asymptotic metric has a dx4dt component. This can be removed by a shift of the x4
coordinate proportional to t followed by a rescaling of t.
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3.1 Bosonic deformations representing transverse oscillation of the
black hole
We can generate deformations describing the oscillation of the black hole in the three transverse
non-compact direction as in §2.1. In particular we deform the metric to
ds2 = ψ−1(r)
[
du dv +
(
ψ(r)− 1 + T˜ (v, ~y, x4)
)
dv2 − 2ζ˜ dv
]
+ ψ(r) ds2TN . (3.4)
Again the argument below (2.18) tells us that without any modification of the scalar and the
3-form fields, (3.4) is guaranteed to be a solution to the equations of motion if T˜ (v, ~y, x4)
is harmonic in the Taub-NUT space. Now one can verify that acting on an x4 independent
configuration the Laplacian in the Taub-NUT space is proportional to ~∇2y ı.e. the laplacian in
flat three dimensional space labelled by the Cartesian coordinates (y1, y2, y3).
T˜ (v, ~y, x4) ≡ T˜ (v, ~y) = ~g(v) · ~y ,
∫ 2piR5
0
gi(v)dv = 0 , (3.5)
where (g1(v), g2(v), g3(v)) are three arbitrary functions subject to the restriction described
above. These generate deformations representing transverse oscillation of the black hole with
finite amplitude. Again one can show that even though the corresponding metric is not asymp-
totically flat, one can make a coordinate transformation
v = v′, ~y = ~y ′ + ~F , u = u′ − 8
R24
F˙i y
′i − 8
R24
F˙i Fi +
4
R24
∫ v′
F˙i(v
′′) F˙i(v
′′)dv′′,
8
R24
F¨i(v) ≡ gi(v) , (3.6)
to bring it to the asymptotically flat form. Furthermore to linear order in ~g(v) these defor-
mations reduce to those given in [16] after a coordinate transformation. Finally to check that
the deformations represent hair modes we note that in the coordinate system (2.12) they scale
as β2 and hence vanish as β → 0. We also show in appendix C that unlike the deformations
described in §2.1, these solutions are non-singular at the future horizon. The main difference
between the deformations described in §2.1 and those described here is due to the fact that
the former were proportional to ~f · ~w which vanish as √r as r → 0, whereas the latter, being
proportional to ~g · ~y, vanish as r as r → 0.
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3.2 Bosonic deformation representing the oscillation of the 2-form
fields
Taub-NUT space has a self-dual harmonic form ωTN given by
ωTN = − r
4r +R24
sin θdθ ∧ dφ+ R
2
4
(4r +R24)
2
dr ∧ (dx4 + cos θdφ) . (3.7)
Now as was discussed at the beginning of §2, in type IIB string theory on K3 we have 21
2-form fields with anti-self-dual field strength, collectively denoted as HsMNP (1 ≤ s ≤ 21). We
now switch on a deformation of the form[16]
δ(ds2) = ψ−1(r)
(
T˜ (v, ~y) + S˜(v, ~y, x4)
)
dv2, δHs = hs(v) dv ∧ ωTN , (3.8)
where hs(v) are arbitrary functions, T˜ (v, ~y) is given in (3.5), and S˜ is quadratic in hs and
will be determined below. We can verify, first of all, that the deformations δHs given in (3.8)
are closed and satisfy the requirement of anti-self-duality even in the presence of the metric
deformation parametrized by T˜ + S˜. Now it was shown in [16] that to linearized order the
deformation (3.8) satisfy the equations of motion without any need to modify the background
metric or the scalars due to the relation
F
(3)
MPQδH
sPQ
N = 0 , (3.9)
so that the cross terms between the background 3-form field and the deformations do not
produce a source for the metric and scalars. Thus we only need to analyze the contribution to
the equations of motion from higher order terms. It follows from the arguments below (2.18)
and that fact that under (2.18) the deformations δHs and δ(ds2) have weights one and two
respectively that the only non-trivial equation that we need to check at quadratic and higher
order in the deformation is the vv component of the metric equation. Furthermore the equation
should involve at most linear terms in T˜ and S˜ without any power of hs or two powers of hs
without any factor of T˜ or S˜. Expressing the metric equation as RMN ∝ TMN and the fact that
the contribution to TMN from the H
s fields is proportional to HsMPQH
sPQ
N at the quadratic
order, we get11
∇2⊥S˜(v, ~y, x4) = C(v)R24 (4r +R24)−4 , C(v) ≡ 8 hs(v) hs(v) , (3.10)
11It is a little easier to use the metric equation of the form Ruv ∝ T uv . In this case δRuv = ψ−1∇2⊥(T˜ + S˜) =
ψ−1∇2
⊥
S˜ and δT uv ∝ ψ−1 (4r +R24)−4, leading to (3.10).
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where∇2⊥ denotes the Laplacian in the Taub-NUT space. In arriving at (3.10) we have used the
fact that ∇2⊥T˜ (v, ~y) = 0. Since any solution to the source free equation can be absorbed into T˜
we only need to look for a particular solution. The following solution describes a normalizable
deformation of the metric living outside the horizon:
S˜(v, ~y, x4) =
C(v)r
2R24(4r +R
2
4)
(3.11)
The S˜(v) given in (3.11) does not vanish at infinity but this can be easily repaired by an
appropriate reparametrization which takes the form u → u − 1
8R2
4
∫ v
C(v′)dv′ as r → ∞ and
u → u as r → 0. Finally to check that these deformations represent hair modes we note that
in the coordinate system (2.12), δHs given in (3.8) scales as β and hence vanishes as β → 0.
This shows that we have a family of finite deformations, labelled by the 24 functions
(~g(v), {hs(v)}), of the original four dimensional black hole solution. Furthermore these defor-
mations are supported outside the horizon and do not affect the horizon geometry. We also
show in appendix C that these solutions are non-singular at the future horizon.
3.3 Fermionic deformations
Construction of the left-moving fermionic deformations proceeds in the same way as in §2.2.
The analysis up to (2.40) is more or less identical except that we now have different expressions
for the simplified form of vielbeins and the spin connections after dropping terms of weight
> 0. Thus equations (2.37), (2.38) get replaced by:
e0 =
1
2
(dv − ψ−1du), e1 = 1
2
(dv + ψ−1du),
e2 = ψ1/2r1/2χ−1/2(dx4 + cos θdφ), e3 = ψ1/2r−1/2χ1/2dr,
e4 = ψ1/2r1/2χ1/2dθ, e5 = ψ1/2r1/2χ1/2 sin θ dφ , (3.12)
χ ≡
(
1 +
4r
R24
)
, (3.13)
ω01r = −
1
2
ψ′
ψ
, ω23x4 =
1
2
(rψχ−1)′
ψ
, ω45x4 =
1
2
χ−2, ω23φ =
1
2
(rψχ−1)′
ψ
cos θ,
ω24φ = −
1
2
χ−1 sin θ, ω35φ = −
1
2
(rψχ)′
ψχ
sin θ, ω45φ = −
1
2
(2− χ−2) cos θ ,
ω25θ =
1
2
χ−1, ω34θ = −
1
2
(rψχ)′
ψχ
. (3.14)
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Substituting these into the gravitino equation and assuming that these modes have no x4
dependence we get the following form.√
r
ψχ
Γ˜3
[
∂r +
ψ′
ψ
− ψ
′
2ψ
Γ̂1 +
3
4r
+
χ′
4χ
+
1
4rχ
]
Ψv
+
1√
rψχ
Γ˜4
[
∂θ +
cos θ
2 sin θ
]
Ψv +
1√
rψχ sin θ
Γ˜5∂φΨv = 0 . (3.15)
Using the fact that
χ′
4χ
+
1
4 r χ
=
1
4 r
, (3.16)
we can see that the R4 dependence drops out and hence eq.(3.15) is identical to the corre-
sponding equations for the BMPV black hole in flat transverse space. The gravitino modes are
therefore unaffected by the Taub-NUT space! Finally, as in the case of BMPV black holes in
flat space, the gravitino zero modes in this case are also non-singular at the future horizon.
When we switch on the deformations described in §3.2, HsMNP no longer vanish and we
need to examine the second equation of (2.25). However since the deformation given in (3.8)
has weight ≥ 1, it can only contribute to equations with weight ≥ 1. The right hand side of
the second equations in (2.25) however has weight 0. Thus we conclude that this equation is
not affected by the deformations given in (3.8).
3.4 Bosonic deformation representing relative oscillation between
the BMPV black hole and KK monopole
It was argued in [16] that the BMPV black hole in Taub-NUT space contains another set of
hair degrees of freedom which represent the left-moving oscillations of the BMPV black hole
relative to the Taub-NUT background. In the limit when the Taub-NUT radius goes to infinity
these modes coincide with the transverse left-moving oscillation modes of the BMPV black hole
in flat space-time, constructed in §2.1. Also since near the origin the Taub-NUT metric looks
like flat metric, we expect that near the horizon these modes will have the same behaviour as
the transverse oscillation modes of the BMPV black hole in flat space-time.
We have not tried to construct these modes explicitly for finite R4 since, as these modes
have identical near horizon behaviour as those of §2.1, they will have a curvature singularity
at the future horizon. Thus we shall not count these modes among the hair degrees of freedom
of the BMPV black hole in Taub-NUT space.
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4 Supersymmetry of the Deformed Configuration
In order to study the supersymmetry of the deformed background we need to examine the
equations which set to zero the supersymmetry variation of all the fields. Since we shall always
be working in a background where scalar fields are constants and the spin 1/2 fields χαr are
zero, we shall write down the equations in this background. The equations obtained by setting
to zero the supersymmetry variation of the metric, the gravitino, the 3-form field strength
H¯kMNP and the spin 1/2 field χ
αr take the form[22, 23, 24]:
ηAB ǫ¯ Γ˜
AΨM e
B
N + ηAB e
A
M ǫ¯ Γ˜
B ΨN = 0 ,
DMǫ− 1
4
H¯ iMNP Γ
NP Γ̂iǫ = 0 ,
∂[P
(
ǫ¯ΓM Γ̂
iΨN ]
)
= 0 ,
ΓMNPHsMNP ǫ = 0 , (4.1)
where ǫ is the supersymmetry transformation parameter satisfying
(Γ˜012345 + 1)ǫ = 0, ǫ¯ = ǫ
T C Ω , (4.2)
C and Ω being the SO(5, 1) and SO(5) charge conjugation matrices satisfying
(CΓ˜A)T = −CΓ˜A, (ΩΓ̂i)T = −ΩΓ̂i, ΩT = −Ω . (4.3)
The equations obtained by setting to zero the variations of the fields strengths HsMNP and the
scalar fields are automatically satisfied in this restricted class of backgrounds. Note that we
have suppressed the SO(5,1) and SO(5) spinor indices in eqs.(4.1).
Now suppose ǫ(0) is a Killing spinor of the original background which could be either the
BMPV black hole in flat transverse space or BMPV black hole in Taub-NUT space. The
explicit form of ǫ(0) has been given in appendix A, but we only need to use the fact that it
satisfies the projection conditions
(Γ˜0 + Γ˜1) ǫ(0) = 0 → Γv ǫ(0) = 0 , (4.4)
and
Γ̂1ǫ(0) = ǫ(0) . (4.5)
Since ǫ(0) does not have any space-time index we can assign to it weight zero in the conven-
tion described below (2.18). Furthermore due to (4.4) we cannot reduce the weight of any
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expression containing ǫ(0) by acting on it by Γ
v. We shall now see that this guarantees that
ǫ(0) automatically satisfies (4.1) even in the presence of the deformations.
We begin with the metric deformations. Since these deformation are proportional to dv2,
they carry weight 2. Thus any term involving these deformations will generate terms of weight
≥ 2. Examining (4.1) we see that the only term that carries weight ≥ 2 is the weight 2
term obtained by choosing M = N = v in the first equation. But this is linear in gravitino
deformation Ψv which already carries weight 1. Since a term linear in Ψv and also in δGvv has
weight 3, we see that δGvv cannot affect the first equation of (4.1). Thus we conclude that the
metric deformations considered here are invariant under ǫ(0).
Next we turn to the deformations involving three form field strengths HrMNP as described
in §3.2. The only equation in (4.1) which involves HrMNP is the last equation. However from
(3.8) we see that HrMNPΓ
MNP is proportional to Γv and hence the last term in (4.1) vanishes
identically due to (4.4). On the other hand the arguement given in the previous paragraph
shows that the induced metric (3.11) does not affect the Killing spinor equation. Thus these
deformations also do not destroy the supersymmetry of the background.
Finally we turn to the fermionic deformations involving Ψv. Since this has weight 1, it can
only affect terms in the equation with weight ≥ 1. The relevant equations are the first and
third equation of (4.1). In the first equation we can choose MN to be either vv or vwi, and in
the third equation we need to choose PMN to be wiwjv. Now the first equation involves terms
of the form ǫ¯(0)Γ˜
AΨv. Since ǫ(0) and Ψv satisfy opposite Γ̂
1 projection (see eqs.(2.50) and (4.5))
these terms vanish. Thus we only need to examine the left hand side of the third equation. It
follows from (2.30), (2.35) and (4.2), (4.4) that ǫ(0) and Ψv satisfiy the same SO(4) projection
rules:
Γ˜2345Ψv = Ψv, Γ˜
2345ǫ(0) = ǫ(0) . (4.6)
As a result ǫ¯(0)Γ˜
iΓ̂kΨv vanishes for i = 2, 3, 4, 5. This in turn shows that the left hand side of
the third term also vanishes.
5 Partition Function After Hair Removal
In this section we shall briefly analyze the partition functions of the five and the four dimen-
sional black hole entropy after hair removal. The analysis will be similar to that in [16] except
that we shall now take into account the fact that the plane waves describing the transverse os-
cillation of the BMPV black hole have curvature singularities at the future horizon and hence
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should not be counted as part of the hair degrees of freedom. Also for simplicity we shall
ignore the contribution to the degeneracies from small black hole core dressed by hair, – a
detailed discussion on this can be found in [16]. The net effect of this is to remove from the
final partition functions (5.3), (5.6) the contribution from the half-BPS states. Even at the
intermediate stages of the analysis these contributions are exponentially suppressed compared
to the leading contribution.
We consider the case where there is a single D5-brane, and introduce the variables (ρ, σ, v)
as conjugates to the D1-brane charge along S1, momentum along S1 and the momentum
along x4. The index is related to the partition function Z by Fourier transform.12 Then the
microscopic partition function of the five dimensional system is computed by multiplying the
partition function associated with the oscillations of the D1-branes relative to the D5-brane[9]
and the center of mass oscillation of the combined system. The result is[16]13
Z5D(ρ, σ, v) = e
−2piiρ−2piiσ
∏
k,l,j∈zz
k≥1,l≥0
(
1− e2pii(σk+ρl+vj))−c(4lk−j2)
×
{∏
l≥1
(1− e2pii(lρ+v))−2 (1− e2pii(lρ−v))−2 (1− e2piilρ)4
}
(−1) (epiiv − e−piiv)2 .
(5.1)
The hair of the five dimensional black hole contains a set of 12 gravitino zero modes. Their
quantum numbers can be easily read out from the quantum numbers associated with the
broken supersymmetries. Four of these zero modes do not carry any x4 momentum (which
in five dimensions is a particular component of the angular momentum) – they are used in
soaking up the fermion zero modes in the computation of the helicity trace[16]. The rest
carry x4 momentum ±1/2 and gives a contribution to the partition function of the form
(epiiv − e−piiv)4[16]. Finally there are 4 left-moving gravitino modes carrying no x4 momentum
as described in §2.2. They give a contribution of ∏l≥1 (1 − e2piilρ)4. Combining these two
contributions we get
Zhair5D (ρ, σ, v) = (e
piiv − e−piiv)4
∏
l≥1
(1− e2piilρ)4 . (5.2)
12For a precise definition of what index and partition function we are computing see ref.[16].
13The terms in the expansion whose ρ dependence is of the form e−2piiρ represent contribution from half BPS
states. We can remove this contribution by an appropriate subtraction as was done in [16], but for simplicity
we shall ignore this complication.
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Hence the partition function associated with the horizon is given by
Zhor5D (ρ, σ, v) = Z5D/Z
hair
5D
= −e−2piiρ−2piiσ (epiiv − e−piiv)−2
∏
k,l,j∈zz
k≥1,l≥0
(
1− e2pii(σk+ρl+vj))−c(4lk−j2)
{∏
l≥1
(1− e2pii(lρ+v))−2 (1− e2pii(lρ−v))−2
}
. (5.3)
Let us now repeat the analysis for the BMPV black hole in transverse Taub-NUT space.
The microscopic partition function is given by[10, 11, 12, 13, 14]
Z4D(ρ, σ, v) = −e−2piiρ−2piiσ−2piiv
∏
k,l,j∈zz
k,l≥0,j<0 for k=l=0
(
1− e2pii(σk+ρl+vj))−c(4lk−j2) . (5.4)
In this case the hair modes include 12 fermion zero modes all of which are used in saturat-
ing the helicity factors inserted into the helicity trace. Besides these there are 21 left-moving
bosonic modes associated with the 2-form deformations and 3 left-moving bosonic modes as-
sociated with the transverse oscillation of the black hole, all of which are neutral under the x4
translation. Finally there are four left-moving gravitini modes, also neutral under x4. These
four fermionic modes cancel the contribution from four of the bosonic modes and we are left
with the contribution:
Zhair4D (ρ, σ, v) =
∞∏
l=1
(
1− e2piilρ)−20 . (5.5)
Thus we get
Zhor4D (ρ, σ, v) = Z4D/Z
hair
4D
= −e−2piiρ−2piiσ (epiiv − e−piiv)−2
∏
k,l,j∈zz
k≥1,l≥0
(
1− e2pii(σk+ρl+vj))−c(4lk−j2)
{∏
l≥1
(1− e2pii(lρ+v))−2 (1− e2pii(lρ−v))−2
}
, (5.6)
where is the last step we have used c(−1) = 2, c(0) = 20. Comparing (5.6) with (5.3) we see
that
Zhor5D (ρ, σ, v) = Z
hor
4D (ρ, σ, v) . (5.7)
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A Killing Spinors
The Killing spinor equation in the BMPV black hole and BMPV black hole in the Taub-NUT
space, obtained by setting δΨαM = 0, is
DMǫ− 1
4
H¯ iMNPΓ
NP Γ̂iǫ = 0 , (A.1)
where H¯ iMNP for 1 ≤ i ≤ 5 are self-dual field strengths of 2-form fields in six dimensions. The
equations obtained by setting δχαr = 0 involve anti-self-dual components of the 3-form field
strength and are automatically satisfied in this background. The three form field strength F (3)
appearing in the BMPV black hole in the flat transverse space and BMPV in the Taub-NUT
space is expressed in terms of H¯ i as
F
(3)
MNP = 2 λ
−1 H¯1MNP . (A.2)
As described below (2.18), we can decompose the background field configuration as sum of
different components carrying different weights. The weight of any term appearing in the left
hand side of the Killing spinor equation is greater than or equal to the sum of the weights of
the various field components which enter that term. This is due to the fact that the only way
to reduce the weight of a given combination of fields is to contract one of the covariant v index
with a Γv but we prevent this from happening by demanding that
Γvǫ = 0 → Γ˜0Γ˜1ǫ = ǫ . (A.3)
Now since the v component of the Killing spinor equation has weight 1, the u component has
weight −1 and the other components have weight zero we conclude that for M = v the left
hand side of eq.(A.1) can receive contribution only from terms of weight zero or one in the
field configuration, for M = u the equation must be identically satisfied and for M 6= u, v only
terms of weight 0 can contribute. In particular since terms in F (3) which are independent of J˜
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are of weight zero and the J˜ dependent terms have weight one, we see that J˜ dependent pieces
do not contribute to the Killing spinor equation for M 6= v. However J˜ dependent terms could
potentially contribute to the v component of the Killing spinor equation.
Let us first look at the v component of the Killing spinor equation. Requiring the Killing
spinor to be v independent we find that for the BMPV black hole in flat transverse space this
equation takes the form[
ψ′
8ψ2
Γru − 1
8
∂wi(ψ
−1χj)Γ
ij − ψ
′
8ψ2
ΓruΓ̂1 +
1
8
∂wi(ψ
−1χj)Γ
ijΓ̂1
]
ǫ = 0 . (A.4)
This can be satisfied by choosing
Γ̂1ǫ = ǫ . (A.5)
For BMPV black hole in Taub-NUT space χi in eq.(A.4) is replaced by −2ζ˜i, but (A.5) still
provides a solution to this equation.
Next we examine the r, θ, φ and x4 components of the Killing spinor equation. Using (A.5)
and the spin connection components given in (2.38) and (3.14) for the BMPV black hole in
the flat space and the BMPV black hole in TN space respectively, we get the following form
of these equations for both black holes: (
∂r +
ψ′
2ψ
)
ǫ = 0 , (A.6)(
∂θ − 1
2
Γ˜34
)
ǫ = 0 , (A.7)
∂x4ǫ = 0 , (A.8)(
∂φ − 1
2
sin θ Γ˜35 − 1
2
cos θ Γ˜45
)
ǫ = 0 . (A.9)
Using the gamma matrix representations given in (2.45) we find the following solutions:
ǫ = ψ(r)−1/2 eiφ/2
(
cos(θ/2)
− sin(θ/2)
)
, ǫ = ψ(r)−1/2 e−iφ/2
(
sin(θ/2)
cos(θ/2)
)
. (A.10)
To count the number of independent Killing spinors we note that to begin with ǫ is an 8×4 = 32
dimensional complex spinor. The chirality projection condition (4.2) and the two dynamical
constraints given in (A.3), (A.5) reduce this number to 4 complex parameters. Finally a reality
condition (symplectic Majorana) reduces the number to 4 real parameters.
Note that the Killing spinor (A.10) is independent of whether we consider BMPV black
hole on flat transverse space or Taub-NUT space. This behaviour can be explained using
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the following reasons. The Taub-NUT space has SU(2) holonomy, which by convention is
identified with SU(2)L subgroup of its SO(4) tangent space symmetry. Fermions in the Taub-
NUT space transform as (2, 1) + (1, 2) under SO(4) = SU(2)L × SU(2)R. Thus half of the
fermions are neutral under SU(2)L and hence behave as free fermions as far as the Taub-NUT
space is concerned. In our six dimensional space, the SO(1, 1) chirality is correlated with
the SO(4) chirality in the following manner: SU(2)L singlets are left moving with respect to
SO(1, 1) and SU(2)R singlets are right moving. Since Killing spinors corresponds to unbroken
supersymmetry, which in our convention are left moving spinors of SO(1, 1), they are singlet
of the Taub-NUT holonomy group SU(2)L. As a result the Killing spinors are unaffected when
we replace flat space by the Taub-NUT space.
B Black Hole Metric in Non-singular Coordinate Sys-
tem
In this appendix, following [19, 20] we write the black hole metric in coordinates in which it
is regular and analytic at the future horizon. This coordinate system will then be used in
appendix C to analyse regularity of the modes at the location of the horizon. For simplicity
we will be working with J˜ = 0 solution. Later we shall briefly discuss the extension to the
J˜ 6= 0 case.
The original metric given in (2.6) may be expressed as
ds2 = ψ−1(dudv+Kdv2)+ψ
(
r−1dr2 + 4 r dΩ23
)
, dΩ23 ≡
1
4
(
(dx4 + cos θdφ)2 + dθ2 + sin2 θdφ2
)
,
(B.1)
where,
ψ = 1 +
r0
r
, K = ψ − 1 . (B.2)
Following [19] we will now do the following coordinate transformation:
V = −√r0 exp(− v√
r0
), W =
1
R
exp(
v
2
√
r0
), U = u+
R2
2
√
r0
+ 2v , (B.3)
R ≡ 2
√
r0
(
1 +
r0
r
)
. (B.4)
Note that the region outside the horizon has V < 0. In these new coordinates the metric
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becomes
ds2 = 4 r0
[
W 2dUdV + dV 2
{
3
√
r0W
2
V
− (1− Z
−3)
4V 2
}
− dV dW
(
1− Z−3
VW
)
+
dW 2
W 2Z3
+
dΩ23
Z
]
,
(B.5)
where
Z ≡ 1 + 4√r0VW 2. (B.6)
To see that metric is regular at V = 0, we expand Z in (B.5) to get
ds2 = 4 r0
[
W 2dUdV + dV 2r0W
4Z−3(24 + 128
√
r0VW
2 + 192r0V
2W 4)
−dV dW 4√r0WZ−3(3 + 12√r0VW 2 + 16r0V 2W 4) +W−2Z−3dW 2 + Z−1dΩ23
]
.
(B.7)
It is now easy to see that the metric is regular at the future horizon V = 0. In fact the
metric components are polynomials in V and therefore they are analytic functions of V . Thus
all derivatives of the metric components, and hence the Riemann tensor, remain finite at the
horizon for finite W .14
We can also write down the three form field strength in terms of new coordinates. For
J˜ = 0 we get
F (3) =
r0
λ
[
sin θ dx4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU] . (B.8)
In the near horizon limit, F (3) is well behaved and independent of V .
Next we now look at the behaviour of the J˜ = 0 black hole in the Taub-NUT space.
The Guv component is the same as in the case of the J˜ = 0 black hole in flat transverse
space. The difference comes in the components involving x4, θ, φ and r coordinates. Most
of these differences vanish near the horizon both in the original coordinate system and in the
new coordinate system and hence do not spoil the regularity property of the metric in the
new coordinates. The only additional term that apparently diverges at the horizon is the
contribution
δ(ds2) =
4ψ
R24
dr2 , (B.9)
which in the new coordinate system becomes
δ(ds2) =
(4r0)
3
R24Z
4
(
−W
2 dV 2
4
√
r0V
− V dW
2
√
r0
− WdWdV√
r0
)
. (B.10)
14For V → 0 the metric reduces to that of AdS3 × S3 locally[19].
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Among these, only the first term is singular at the horizon. This singular contribution, however,
can be removed by a shift in the U coordinate of the form U → U +4r3/20 R−24 ln(−V/
√
r0). We
can combine this shift with the one given in (B.3) to write
U = u+
R2
2
√
r0
+ 2v +
(4r0)
R24
v . (B.11)
It is also easy to check that F (3) has the same form as (B.8) and hence is non-singular at the
horizon.
For completeness we shall now briefly discuss the effect of switching on the parameter J˜ in
the original solution, labelling the angular momentum carried by the black hole. In this case
the metric has the form:
ds2 = ψ−1
(
dudv +Kdv2 +
J˜
4r
(dx4 + cos θdφ) dv
)
+ψ
[
dr2
r
+ r
{
(dx4 + cos θdφ)2 + dθ2 + sin2 θdφ2
}]
. (B.12)
In order to introduce coordinates in which the metric at the future horizon is non-singular, we
first shift x4 → x4 − eJ
8r2
0
v so that the cross term between dv and (dx4 + cos θdφ) has a zero at
r = 0.15 This brings the metric to the form:
ds2 = ψ−1
[
dudv +
(
K +
J˜2
64r40
rψ2 − J˜
2
32r20 r
)
dv2 +
(
J˜
4r
− J˜r
4r20
ψ2
)
(dx4 + cos θdφ) dv
]
+ψ
[
dr2
r
+ r
{
(dx4 + cos θdφ)2 + dθ2 + sin2 θdφ2
}]
. (B.13)
In the next step we carry out a rescaling u → (1 − eJ2
64r3
0
)1/2u, v → v/(1− eJ2
64r3
0
)1/2 so that the
coefficient of the dv2 term in the metric coincides with that in the J˜ = 0 case as r → 0. This
gives:16
ds2 = ψ−1
dudv +(K + J˜2
64r40
rψ2 − J˜
2
32r20r
)(
1− J˜
2
64r30
)−1
dv2
15Note that the periodic identification x5 ≡ x5 + 2πR5 takes the form (x4, x5) ≡ (x4 + eJ8r2
0
2πR5, x
5 + 2πR5)
in the new coordinate system. This however does not affect our analysis.
16In order to be able to carry out this rescaling we need J˜2 < 64r3
0
. From (2.8) it follows that this is the
condition (Q1 −Q5)Q5n > J2 that guarantees that the original black hole solution is supersymmetric. This is
also the condition needed for the absence of closed time-like curves[6].
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+(
J˜
4r
− J˜r
4r20
ψ2
) (
1− J˜
2
64r30
)−1/2
(dx4 + cos θdφ) dv

+ψ
[
dr2
r
+ r
{
(dx4 + cos θdφ)2 + dθ2 + sin2 θdφ2
}]
. (B.14)
Let us denote the difference between this metric and the non-rotating black hole metric (B.1)
by ∆(ds2). We have
∆(ds2) = ψ−1
(K + J˜2
64r40
rψ2 − J˜
2
32r20r
)(
1− J˜
2
64r30
)−1
−K
 dv2
+ψ−1
(
J˜
4r
− J˜r
4r20
ψ2
) (
1− J˜
2
64r30
)−1/2
(dx4 + cos θdφ) dv . (B.15)
Expressing this in the new coordinate system (B.3) we get
∆(ds2) = − J˜
2
8r
3/2
0
(
1− J˜
2
64r30
)−1
W 2V −1dV 2 + n.s. , (B.16)
where n.s. denotes terms which are non-singular as V → 0. From the form of the J˜ = 0 metric
given in (B.7) we see that the singular term in (B.16) can be removed by a shift in the U
coordinate of the form
U → U + J˜
2
32r
5/2
0
(
1− J˜
2
64r30
)−1
ln(−V ) . (B.17)
This makes the metric non-singular.
The three form field strength in this new coordinate system takes the form
F (3) =
r0
λ
[
sin θ dx4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU
− J˜
r0
(
1− J˜
2
64r30
)−1/2
WdW ∧ dV ∧ (dx4 + cos θdφ)
− J˜
2r0
(
1− J˜
2
64r30
)−1/2
W 2 sin θ dV ∧ dθ ∧ dφ
]
. (B.18)
The analysis for J˜ 6= 0 black hole in Taub-NUT proceeds along similar lines. The only
difference is in the final step – the shift in U given in (B.17) is now replaced by
U → U + J˜
2
32r
5/2
0
(
1− J˜
2
64r30
)−1
ln(−V ) + 4 r3/20 R−24 ln(−V )
32
− 3J˜
2
16r
3/2
0 R
2
4
(
1− J˜
2
64r30
)−1
ln(−V ) . (B.19)
C Regularity of the Deformed Solution
In this appendix we shall check whether the deformations we have obtained by turning on
various modes in §2 and §3 produce regular field configuration at the future horizon. Since
for deformation of the type we are considering the possible singularities are null singularities,
they will not show up in the invariant scalars constructed out of the field strengths and the
Riemann tensor. Instead we need to work in a coordinate system in which the metric and the
other background fields are continuous at the horizon, and then check whether the components
of the Riemann tensor and other field strengths are finite in this coordinate system[18]. We
will systematically carry out this analysis for all the modes, but not in the same order in which
they were analyzed in the text. As in the previous appendix, we will be working with the J˜ = 0
solution for the sake of simplicity, but the generalization to J˜ 6= 0 case is straightforward. We
shall however continue to refer to the J˜ = 0 black holes as BMPV black holes.
We will start with the deformations described in §3.2. These are generated by the 2-form
fields in BMPV black hole in Taub-NUT space. The deformation in the 2-form field given in
(3.8) near the origin behaves as
δHs ≃ 1
R24
hsdv ∧ [−r sin θdθdφ+ dr ∧ (dx4 + cos θdφ)] . (C.1)
In the new coordinate system it takes the form
δ Hs ≃ 4 r
2
0
R24
hs dV ∧ [−W 2 sin θ dθ ∧ dφ+ 2W dW ∧ (dx4 + cos θ dφ)] . (C.2)
This is clearly non-singular near the horizon V = 0. Let us now examine the metric deformation
generated by these modes as given in eq.(3.11):
ψ−1 S˜(v, ~y) dv2 = ψ−1
C(v) r
2R24(4r +R
2
4)
dv2. (C.3)
This term in the new coordinates becomes
ψ−1 S˜(v, ~y) dv2 = C(v) dV 2
8r30W
4
R24
{
R24(1 + 4r
1/2
0 VW
2)− 16r3/20 VW 2
} . (C.4)
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This is also regular at the horizon V = 0.
Note however that since v ∝ ln(−V ) for small |V |, v is a rapidly varying function of V near
the horizon. Since C(v) is an oscillatory function of v with finite period (set by the period of
the x5 coordinate) C(v) and hence GV V is a rapidly varying oscillatory function of V for small
V . This can be remedied by a shift in the U coordinate of the form:
U → U − F (V,W ), F (V,W ) ≡ 2r
2
0W
2
R44
∫ V
0
C(v′)dV ′ . (C.5)
In this coordinate system GV V vanishes at V = 0, but we get an additional term in the dWdV
component proportional to 4 r0W
2∂WF (V,W ). Since F (V,W ) vanishes at V = 0 for all W ,
this additional term vanishes at the horizon. Thus it does not alter the behaviour of the metric
at the horizon. We note however that ∂V F ∝ W 2C(v′) is rapidly oscillating and as a result
∂2V F diverges at the horizon. This could give a potential divergence in the Riemann tensor
which involves two derivatives of the metric. However it can be seen using the argument below
(2.18) that the Riemann tensor never involves ∂2VGWV . The latter term is of weight 3 (we now
replace (u, v) by (U, V ) in counting weight) whereas the Riemann tensor, written in a covariant
form can have at most two indices set equal to V and hence can at most be of weight 2. Thus
∂2VGWV cannot appear in the expression for the Riemann tensor and the latter is finite at the
horizon.
Next we look at the gravitino modes. For definiteness we shall consider the case of BMPV
black holes in flat transverse space, but an identical analysis can be carried out for Taub-NUT
space. The gravitino modes in the original metric are non-vanishing only for the v components
and these components take the form
Ψv = ψ
−3/2(r)η(v, θ, φ), (Γ˜0 + Γ˜1)η(v, θ, φ) = 0 , Γ̂1η(v, θ, φ) = −η(v, θ, φ) , (C.6)
where η(v, θ, φ) is an SO(5,1) spinor and also an SO(5) spinor. The (θ, φ) dependence of
η(v, θ, φ) was computed in §2.2 and the v dependence is arbitrary except for the periodicity
requirement imposed by the period of the coordinate x5. In the new coordinate system the
gravitino field takes the form
ΨV = (4 r0)
5/4W 3(−2V )1/2 η(v, θ, φ) . (C.7)
This however is not the end of the story. The gravitino field configuration (C.6) was computed
using the set of vielbeins (2.10) which become singular near the horizon. This can be seen by
34
expressing them in the new coordinate system:
e+ ≡ e0 + e1 = −r1/20
dV
V
,
e− ≡ e1 − e0 = −4 r1/20 V W 2 dU + 4 r1/20
dW
W
+
(
r
1/2
0
V
− 12 r0W 2
)
dV
e3 = 2 r
1/2
0 (1 + 4 r
1/2
0 V W
2)−3/2
(
dW
W
+
dV
2V
)
. (C.8)
They are clearly singular at V = 0. Thus we must make a local Lorentz transformation to
make them non-singular. From the metric (B.7) we see that a non-singular choice of vielbeins
will correspond to
e˜+ = 2 r
1/2
0 dV,
e˜− = 2r
1/2
0
[
W 2dU + 8r0W
4Z−3(3 + 16r
1/2
0 V W
2 + 24r0V
2W 4)dV
−4r1/20 WZ−3(3 + 12r1/20 VW 2 + 16r0V 2W 4)dW
]
,
e˜3 = 2r
1/2
0 W
−1Z−3/2dW . (C.9)
The metric can be expressed as
ds2 = e+e− + (e3)2 + (e2)2 + (e4)2 + (e5)2 = e˜+e˜− + (e˜3)2 + (e2)2 + (e4)2 + (e5)2 . (C.10)
We must now find the Lorentz transformation relating the two sets of vielbeins. This is done
in two steps. First we apply a boost on (e+, e−) that produces a new set of vielbeins:
eˆ+ = −2 V e+, eˆ− = − 1
2 V
e−, eˆ3 = e3 . (C.11)
The vielbeins (eˆ±, eˆ3) can now be shown to be related to (e˜±, e˜3) by a Galilean transformation:
e˜+ = eˆ+, e˜− = eˆ− − 2 β eˆ3 − β2 eˆ+, e˜3 = eˆ3 + β eˆ+ , (C.12)
where
β = − 1
2Z3/2 V
. (C.13)
These local Lorentz transformation will also act on the gravitino fields. First of all the boost
transformation (C.11) transforms the gravitino to
Ψ̂V = (−2V )−1/2ΨV = (4 r0)5/4W 3 η(v, θ, φ) . (C.14)
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The simplest way to see this is to note that the under this boost we must have
ΨV Γ˜
−ΨV e
+ = Ψ̂V Γ˜
−Ψ̂V eˆ
+ , Γ˜± ≡ (Γ˜1 ± Γ˜0) , (C.15)
where we have used the Γ˜+ΨV = 0 condition to infer that the ΨV Γ˜
mΨV is non-vanishing only
for m = −. Since eˆ+ = −2 V e+ this implies that Ψ̂V = (−2V )−1/2ΨV . On the other hand
the Galilean transformation (C.12) does not act on ΨV since it is generated by Γ˜
3+ and Γ˜+
annihilates ΨV . Thus the gravitino in the frame given in (C.9) takes the form:
Ψ˜V = Ψ̂V = (4 r0)
5/4W 3 η(v, θ, φ) . (C.16)
Although this does not vanish at the horizon, we can make it vanish using a local supersym-
metry transformation by a parameter proportional to W 3
∫ V
0
η(v′, θ, φ) dV ′.
We note in passing that in this coordinate system the Killing spinor behaves as W V 1/2
near V = 0. After the local Lorentz transformation described above it goes as W and hence
is well defined at the horizon. We also note that the second solution given in (2.49), for which
Ψv ∼ r1/2 near r = 0, diverges as V → 0 in the new coordinate system. Hence it is not an
allowed deformation.
Let us now look at the modes generated by the Garfinkle-Vachaspati transformation of the
original black hole metric. We begin with the centre of mass motion modes of the four dimen-
sional black hole as described in §3.1. These modes are described by the metric perturbation
ψ−1 gi(v)y
idv2 = ψ−1 r nigi(v) dv
2, ~n ≡ (sin θ cos φ, sin θ sin φ, cos θ) . (C.17)
In the new coordinate system this deformation is given by
16r30n
igi(v)(1 + 4
√
r0 VW
2)−1W 4dV 2 . (C.18)
As in the case of the deformation (C.4), (C.18) takes finite value on the horizon but oscillates
rapidly as V → 0, We can make δGV V vanish by the coordinate transformation
U → U −H(V,W,~n), H(V,W,~n) = 4 r20W 2
∫ V
0
dV ′ nigi(v
′)(1 + 4
√
r0V
′W 2)−1 . (C.19)
This generates a term −4r0W 2(∂WHdV dW + ∂θHdV dθ + ∂φHdV dφ) in the metric but this
vanishes at V = 0 since H(V,W,~n) vanishes at V = 0 for allW , θ, φ.17 ∂2VH diverges at V = 0,
17H depends on θ, φ through ~n.
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but as argued before ∂2VGWV , ∂
2
VGθV and ∂
2
VGφV do not appear in the Riemann tensor for the
type of metric we are considering. Thus the metric and the Riemann tensor are non-singular
at V = 0 for this deformation.
Finally we shall carry out this analysis for the transverse oscillation of the BMPV metric
in the flat space, described in §2.1. The same analysis also holds for the modes describing the
transverse oscillation of the BMPV black hole relative to the Taub-NUT space as described
in §3.4 since they are expected to have the same form near the horizon. In this case the
deformation is given by:
δ(ds2) = ψ−1 ~f(v) · ~w dv2 = 2 r1/2 ψ−1 ~f(v) · ~mdv2, ~m = ~w/|~w| . (C.20)
In the new coordinate system this deformation takes the form
δ(ds2) = 16
r
9/4
0 W
3√
1 + 4
√
r0W 2V
dV 2√−V ~m ·
~f(v) . (C.21)
The metric is singular at V = 0. However this term can be removed by the following shift of
U :
U → U−G(V,W, ~m), G(V,W, ~m) = 4 r5/40 W
∫ V
0
dV ′ (1+4
√
r0W
2V ′)−1/2 (−V ′)−1/2 ~m· ~f(v′) .
(C.22)
This shift however generates a term in the metric of the form
− 4 r0W 2 ∂W G(V,W, ~m) dW dV − 4 r0W 2 ∂iG(V,W, ~m) dθi dV , (C.23)
where θi denotes any of the angular coordinates. These vanish at the horizon, but their first V
derivatives diverge at the horizon as ~f(v)/(−V )1/2. This could give rise to divergences in the
Riemann tensor. Explicit computation shows that some of the components of the Riemann
tensor do indeed diverge at V = 0. For example we find
RVWVW = −2r0 W−1∂W∂V (W 3∂WG(W,V )) + n.s. = −24 r9/40 W (−V )−1/2 ~m · ~f + n.s. ,
(C.24)
where n.s. denotes non-singular terms. This diverges as V → 0. Thus we conclude that these
modes should not be counted among the hair degrees of freedom of the black hole.
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